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The possibility of dynamical generation of quark masses in quantum chromodynamics has been studied by means of renormalization group equations. Although we confine ourselves to QeD the quark-gluon system must be prepared to accommodate electroweak interactions in the next stage by satisfying a certain set of conservation laws defining chiral symmetry.
In the absence of Higgs fields the requirement of chiral symmetry leads to a set of constraints to determine the quark mass ratios as well as the gauge coupling constant with the help of renormalization group. § 1. Introduction
The strong quark-gluon interactions are described by quantum chromodynamics (QeD), but the origin of the quark masses is not yet known. It is a conventional wisdom to assume that they are generated by spontaneous symmetry-breaking through the Higgs mechanism. We have no basic principle, however, to fix the Higgs couplings to quarks, so that the quark masses turn out to be arbitrary parameters in QeD.
In order to overcome this difficulty we shall try to find an alternative approach to the mass problem without recourse to the Higgs fields, namely, we look for a new dynamical principle to constrain the structure of QeD. As a promising candidate for it we exploit the scenario that the quark-gluon system must be prepared to accommodate the electroweak interactions in the next refinement. This, in turn, leads to the prospective conserved weak isospin current defining our new dynamical constraint called chiral symmetry. In § 2 we study implications of chiral symmetry and find a set of equations determining the quark mass ratios as well as the strong gauge coupling constant, at least, in principle. In order to make the structure of this set of equations more explicit we make use of the renormalization group approach in § 3.
In § 4 we study the Ward-Takahashi (WT) identities in order to show that the Nambu-Goldstone (NG) bosons are generated corresponding to massive quarks. Then we study how the NG bosons can be made massive by electroweak corrections. The most characteristic feature of the present approach consists in the absence of the quark-anti quark condensation in pure QeD. We also pay attention to generation of the weak boson masses. Finally in § 5 a formal solution of the renormalization group equation derived in § 3 is investigated. § 2_ Accommodation of electro weak interactions
The electroweak interactions of matter fields are given by
where J p. denotes the left-handed weak isospin current and j/m the electromagnetic current divided by the elementary charge.· Wp. and Bp. are the electro weak gauge fields, and the latter couples to the weak hyper-charge current.
In the limit of vanishing electroweak interactions the contributions of the electroweak gauge fields and of leptons to these currents are decoupled from those of the quark fields so that the currents consisting of quarks alone must be conserved separately:
In the ~resence of the Higgs fields it is not difficult to introduce finite quark masses without violating these conservation laws. In the absence of them, however, it is not trivial, if not impossible, to satisfy Eq. (2·2) for massive quarks although it is still easy to satisfy Eq. (2·3), and it is the purpose of the present article to examine such a possibility.
Parity conservation in QCD makes it possible to split Eq. (2·2) into two separate ones:
Vp. and lL denote the vector and axial-vector weak isospin currents, respectively.
For the time being we shall confine ourselves to examination of the flavor-conserving third components of these equations. The third component of the vector current is trivially conserved for massive quarks just as it was the case for jp.em:
and we are left with the following constraint:
This equation defines chital symmetry in terms of the renormalized operator A/.
Since this operator is the generator of the chiral transformation the following equaltime commutation relations (ETCR) must hold:
where j denotes the flavor index, and the eigenvalues of T3 for the flavor j are given by for j=u, c, t,
(2 '9) In order to examine the implications of the constraint (2·7) we start from the following unrenormalized densities: In order to convert this relation into a renormalized version multiplicative renormalization constants are introduced for both the pseudoscalar and scalar densities:
where Zpj=mj/mjo and ZSj is defined in the next section. The renormalized version of Eq. (2 ·17) is given by
where Pj is the chiral partner of Sj, namely, To answer this question the flavor-changing components of Eq.(2·2) must be incorporated in the contemplation. In order to simplify the argument we shall neglect the generation mixing by replacing the Kobayashi-Maskawa matrix 2 ) by the unit matrix. As we shall show in § 4 the equation Bj=O possesses a solution when and only when the quark-antiquark system (qj{jj) has a massless bound state representing a composite NG boson. Likewise, the flavor-changing components of Eq. (2·2) imply composite NG bosons, for instance, in the second generation the pair (cs) must be bound to form a massless composite particle. Suppose that their masses were non-degenerate, say, the quark c were more massive than s, then the quark c would be unstable against the strong decay
c-4s+(cs) .
In order to guarantee the stability of quarks against strong decays we have to assume that quarks in the same generation must be degenerate in the approximation to neglect generation mixing in the weak isospin current. Thus we must assume in the present approximation, and this degeneracy is considered to be lifted by electromagnetic corrections as we shall see in § 4.
Then we immediately obtain al' VI'=O , and by combining this weak charge-independence with Eq. (2-7) we arrive at a~l'=o, and hence Eq. (2-2). The origin of generation mixing or of the Kobayashi-Maskawa matrix is not yet known and will not be discussed in the present article. § 3_ Renormalization group
As we have seen in the preceding section the central issue in our approach is the derivation of the expression for Bj • In the present section we study this problem with the help of renormalization group equations, in particular, the multi-mass CallanSymanzik(CS) equations.
3 ), 4) For this purpose we start from a single mass gauge theory such as QED. The essence of the CS equation consists in the relation:
where (3) (4) inherent in the conventional CS approach. In defining the partial derivative with respect to mo, the bare coupling constant go and the cutoff A have to be held fixed. Then, (3) (4) (5) provided that 
The CS equation for a renormalized Green function is then given by
where
The CS equation can be generalized to a multi-mass case. For a system of quarks of Nf flavors with distinct masses, we introduce the Z factors by (3·15) and also matrices d and c by
and (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) In where {K} stands for a set of parameters Kl, K z, •.
•. The homogeneous CS equation is then given by
where the superscripts nand m stand, respectively, for the numbers of the fermion and gauge fields. The operator fI) is given, in the Landau gauge, by
Often it is more convenient to introduce an alternative set of parameters mHl, mHZ, ... called the effective masses rather than the parameters K1, Kz, .... Define the effective mass mRj by
then the operator g) can be cast in the Weinberg form.7)
where (3·34) § 4.
Nambu-Goldstone bosons
When the requirement of chiral symmetry (2'24) is met the constraint (2·7) is satisfied, and we have a corresponding set of WT identities. The most fundamental one is given by op<Ap
(x), (h(y), (jij(z»

= -(ra/2M rs<rp;(y) (ji;(z»13 4 (x -y) + <rp;(y) (ji;(z»rs13 4 (x -z» . (4 '1)
In momentum space it reduces to the following form:
In the lowest order perturbation theory we have rps} = rprs(ra/2)j, SFj -l(p)= -ip· r+mj.
In the limit q -7 P the WT identity (4 '1) reduces to
When mj=f=.O, which we assume here, the r.h.s. survives. This implies that the axialvector vertex function on the l.h.s. must develop a pole of the following form:
im;(ra)jrs(p-q)p/(p-q)2 .
This represents the contribution of the massless NG boson. Namely, generation of the quark mass in the chiral-symmetric theory induces the NG bosons. In this phase the expression {rs, SFj-l} plays the role of an order parameter, and the NG boson represents a massless quark-antiquark bound state. The operator P j is the chiral partner of Sj in the sense that it satisfies, in addition to Eq. (2'19), the following ETCR:
13(xo-yo)[A o 3(X), P;(y)]=~i(ra)jS;(y)134(x_y).
(4·4) Therefore, we have another WT identity of the form
op<Apa(x), P;(x» = -i(ra)j<Sj)13 4 (x-y).
(4·5)
When <Sj)=f=.O, quark-antiquark condensation is realized leading to mj =f=. 0, and <Sj) can be regarded as an order parameter. Chiral symmetry is then dynamically broken, and emergence of the NG boson is obvious in this case as has been shown by Goldstone, Salam and Weinberg 8 >(GSW). We shall show in what follows, however, that <Sj)=O under the constraint in pure QCD. The familiar quark-antiquark condensation takes place only in the electromagnetic corrections to pure QCD.
The constraint (2'7) fixes the quark mass ratios as well as the gauge coupling constant in principle subject to (2·27):
where the subscript X refers to the solution of Eq. (2'7) . In what follows we shall fix the quark mass ratios as above but leave the coupling constant g as a free parameter.
N ow we shall decompose Ap a into three components corresponding to three generations as Apa=A~1+A~2+A~a , (4'7) then we have (4'8) where (4'9) For g=gx, Eq. (4'3) tells us that AI'3 generates a NG boson in each generation. The NG bosons turn out to be massive as g deviates from gx, and they will be denoted by 7r1, 7r2 and 7r3, respectively. By covariance and weak charge independence we may put (4'10) where M1(g) is an appropriate proportionality constant of the dimension of mass. Combination of Eqs. (4·8) and (4'10) gives
where ttl denotes the mass of 7r1 and is given by
tt12= m1M1(g)B1(g) .
(4'11) (4'12)
As g tends to gx it is clear that 7r1 tends to a massless NG boson since B1(gX)=0. From the discussion in § 5 it is likely that B1 has a simple zero at g=gx. On the other hand causality requires tt12~0, so that M1(g) should also change its sign at g=gx,
This result is consistent with Eq. (4'10) only when <oIPu-Pdl7r1> =0 for g=gx.
Combining Eq. (4'5) with weak charge independence, we find
OI'<A/(x), pu(y»= ~ OI'<AI'3(X), Pu(Y)-Piy» =-i<Su(Y»04(X-Y) .
(4'13) Namely, the quark-antiquark condensation vanishes identically in pure QCD. It will emerge, however, when electromagnetic corrections are introduced as will be shown at the end of this section.
Next we shall show that the NG bosons couple to the weak bosons to make them massive. This is already well-known in connection with the technicolor theory,9H2) but we shall repeat it for completeness. We shall prove this statement in a simplified version by making the following assumptions: (1) We discard the generation mixing by replacing the KM matrix by the unit matrix.
(2) We assume weak charge independence, namely, Eq. (2'27). Equation (4'7) may be generalized to
and each component is separately conserved:
It is also obvious that a pseudoscalar NG boson triplet emerges in each generation so that we may write (4'20) where ¢j represents the composite field operator of the NG boson ftj of generation j.
N ext we rewrite the interaction (2 ·1) in the standard form as 
In what follows the interaction between the electroweak gauge fields and the NG bosons will be discussed in the linear approximation by replacing the chiral weak isospin current as (4'24) in conformity with Eq. (4'20). 11 is nothing but the pion decay constant 17C, but we have three such constants correponding to three generations. Equation (4·24) suggests that the chiral current J p. should be replaced as
The entire phenomenological Lagrangian to describe this system in the linearapproximation is given by
The relevant field equations follow from it:
where From these equations we immediately obtain
Mw 2 =L!M/, Mz2=sec 2 f)wL!M/,
j j so that we reproduce the standard relationship
Mw=Mzcosf)w.
N ow introduce then we have 
MW2=( g; )\N+ N+ N) . (4'35)
We used to keep only the first term, fl=fl!~100MeV, but now it is a sum over the Finally, how about the quark mass splitting between the members of the same generation? We exploit the WT identity corresponding to Eq. (2 '16), or a modification of Eq. (4'2):
The first term on the r.h.s. vanishes in the absence of the electromagnetic corrections for g= gx. The l.h.s. survives in the limit q-) P at least in the order e 2 , since the term fJ./ is of the order e 4 and the massless pole still exists in the order e 2 , and the residue receives electromagnetic corrections.
The l.h.s. as well as the first term on the r.h.s. is a sum of an isovector and an isoscalar. The latter gives the mass splitting between the members of the isodoublet. It is worth emphasizing that the pseudoscalar vertex is essentially the mass operator of the quark as has been stressed elesewhere. 
The function F represents the higher order corrections to /3. The functions Gj and H j are defined, respectively, by
where (5·5)
These functions apparently satisfy the boundary condition
Then, Eq. (3·25) can be cast in the following form:
where the variable x is the inverse of bg
This is a simple equation, but we have to be aw~re of the fact that g2=0 is an essential singularity of B;(x). In order to determine the function Bj uniquely, we formulate the boundary condition so as to make it least singular at x= -00. When this boundary condition is met the function B j has an asymptotic expansion which agrees with the perturbation expansion.
)
As a matter of fact the formal solution of Eq. (5 ·7) satisfying the boundary condition mentioned above is given by (5·9) When Ixl>l, we may choose two paths of integration C+ and C-and define the y integral in Eq. (5·9) as an average of the two paths of integration:
We take a contour from -00 to -x along but slightly above the negative real axis and then along the semi-circle from -x to x in the upper half plane with the origin as its center. This defines the path C+ and C-is defined as the complex conjugate path of C+. 
The non-perturbative effects are included in B(x, aJ.
The mass-dependence of B j arises explicitly from the hij term in Eq. (3·25). In order to evaluate it in the lowest order perturbation theory we insert the scalar density Si into the quark closed loop of flavor i appearing in the gluon propagator, which is an integral part of the quark self-energy diagram of flavor j. Its We realize that the mass-ratio-dependence of the l.h.s. of Eq. (5 -21) is essentially logarithmic and mild.
In general the next to the lowest order term in an anomalous dimension is mass-ratio-dependent.
So far we have developed a rather abstract theory explaining the basic ideas underlying the present approach, but we still need a lot of works to determine B j so that we can fix the quark mass ratios.
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